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Parallel Computations of High-Lift Airfoil Flows
Using Two-Equation Turbulence Models
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Viscous turbulent � ows over high-lift airfoils are investigated by using unsteady, incompressible, and compress-
ible Reynolds-averagedNavier–Stokes equations under a parallel computing environment. Compressibility effects
can be signi� cant in the leading-edge region of high-lift airfoils with a highly loaded element. Thus, both the in-
compressible and compressible computationsare performed to study the compressibility effects. The compressible
code involves an upwind-differenced scheme for the convective terms and a lower–upper symmetric Gauss–Seidel
scheme for temporal integration. The incompressible code with a pseudocompressibility method also adopts the
same schemes as the compressible code. Both codes are parallel processed by using message passing interface pro-
grammingmethod and show good parallel speedups. Three two-equation turbulence models (the standard k–", the
k–!, and the k–! shear stress transport model) are carefully evaluated by computing the � ows over single-element
and multielement airfoils. The compressible and incompressible codes are validated by predicting the � ow around
the RAE 2822 transonic airfoil and NACA 4412 airfoil, respectively. In addition, both the incompressible and
compressible codes using the Chimera overlapping grid scheme are used to compute the � ow over the NLR 7301
airfoil with � ap and the NASA GAW-1 high-lift airfoil. Compressibility effects on surface pressure coef� cients,
velocity pro� les, and skin friction coef� cients are numerically simulated.

Introduction

W ITH the recentadvancementof computercapability,thecom-
putational design method using computational � uid dynam-

icsbecomesa new trendin multielementairfoildesign.Accurateand
ef� cient calculations of the � ow around a multielement airfoil are
requiredto precedethe practicaldesignprocess.Thus, the interestof
this work is focused on the incompressible and compressible com-
putationsof the viscous turbulent � ow over high-lift airfoils under a
parallel computing environment. In general, the � ow over high-lift
airfoilscan be assumed to be incompressiblebecausethe freestream
Mach number is approximately 0.1–0.4 and chord Reynolds num-
bers are usually 1 £ 106 to 40 £ 106 (Ref. 1). Thus, a parallelized
incompressible Navier–Stokes code with a Chimera grid is devel-
oped for ef� cient computations. An incompressible code has the
advantage over a compressible one of requiring less computation
time, because the equation of energy transport is generally decou-
pled in the incompressibleformulation,andcompressiblecodesmay
have a slow convergenceat these low freestreamMach numbers.2 In
fact, an incompressiblecode has been applied numerously to multi-
element airfoil design.3 ¡ 5 However, it may not be computationally
cheaper to use an incompressible code over a compressible one to
study poststall, unsteady airfoil � ows. Furthermore, compressibil-
ity effects can be signi� cant in some cases of multielement airfoils
with highly loaded elementsnear the leadingedge.For this reason,a
parallelized compressible Navier–Stokes code with a Chimera grid
is also developed, and its results are compared with those from the
incompressible code. Both codes are parallel processed by using a
message passing interface (MPI) programmingmethod6,7 on a Cray
T3E parallel machine.

So far, many turbulence models, such as algebraic models, one-
equation models, and two-equation models, have been developed
for the engineering computations of various turbulent � ows. It is,
however, dif� cult to accurately predict viscous, turbulent � ows
around multielement airfoils, because of con� uent boundary lay-
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ers and massive � ow separation at a high angle of attack near the
stall angle. Unlike one- and two-equation models, algebraic mod-
els are inadequate for the � ows over multielement airfoils because
they require a delicate length scale. Many studies adopting one-
equation models have been performed for the computationsof such
� ows with a varying degree of success.2,8,9 One-equation models
may not be preferable for separated � ows and wakes. Recently,
two-equation turbulence models have been used for the turbulent
� ows over multielement airfoils.9 ¡ 11 In the presentwork, three two-
equation turbulence models, the standard k– e model,12,13 the k– x
modelofWilcox,12,14 and thek– x shearstress transport(SST)model
of Menter,15,16 are carefully assessed through a computation of the
� ows over single-element and multielement airfoils. Several k– e
models involving different wall functions for the accurate calcula-
tionof the innerboundarylayerhavebeendevelopedandhaveshown
good results. Unlike the k– e models, the k– x model does not need
a wall function to resolve a viscous sublayer,which is quite suitable
in parallel-processed programming. In contrast, the k– e model is
insensitive to the freestream turbulence level in the outer boundary
layer, whereas the k– x model is highly sensitive to freestream tur-
bulence values.14 Combining the advantagesof the two models, the
k– x SST model is found to have the property of the original k– x
model in the near-wall region and of the k– e model in the outer
boundary layer.15,16

Both the compressible parallel code and incompressibleparallel
code with different two-equation turbulence models are examined
by means of numerous computations.The compressiblecode is val-
idated by computing the � ow over the RAE 2822 transonic airfoil,
and it shows a good property to predict surface pressurecoef� cients
and velocity pro� les in the boundary layers. The incompressible
code is validated through computations of the � ow over the NACA
4412 airfoil, for a wide range of angles of attack from zero to max-
imum lift. In particular, computations of the � ow over the NLR
7301 airfoil with � ap, and the NASA GAW-1 high-lift airfoil with
a leading-edgeslat and a trailing-edge� ap, are performed by using
both the incompressible and compressible code to study the com-
pressibility effects on the � ow near the high-loaded leading edge.

Numerical Background
Governing Equations

The governingequationsare the two-dimensional,unsteady,com-
pressible Navier–Stokes equations and are written in conservation
law form as
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where E is the total energy and ˆs i j are the sum of molecular and
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The perfect gas equation of state is introduced to complete the set
of compressible equations as
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For incompressibleproblems, the energy equation does not have
to be included unless heat transfer is a matter of concern.

Turbulence Models
In this work, the standard k– e model12,13 without wall functions,

the k– x model,12,14 and the k– x SST model15,16 are evaluated to
predict the viscous turbulent � ows over high-lift airfoils. The k– x
SST model combining the k– x model with the k– e model is written
as follows:
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The combined constants are calculated in the following relation:

U = F1 U 1 + (1 ¡ F1) U 2

where U 1 represent the constants of the k– x model except for r k1

and c 1 (Refs. 13 and 14),
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Here F1 is set to be zero for the k– e model and one for the k– x
model. For the k– x SST model, F1 is de� ned as follows:
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CDk x = max

³
2q r x 2

1
x

@k

@x j

@x

@x j
; 10 ¡ 20

´

The eddy viscosity is de� ned to account for the transport of the
principal turbulent shear stress as follows:

l T = q k / max( x ; X F2 /0.31)

where X is the absolute value of the vorticity and
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Numerical Approach
The governing equations are discretized with a � nite-volume

method. For the compressible code, convective terms are upwind-
differencedbasedonRoe’s � uxdifferencesplitting(FDS)scheme.17

A monotone upstream centered scheme for conservation laws
approach18 usinga third-orderinterpolationis used to obtaina higher
order of spatial accuracy.The third order of spatial accuracy is kept
in all calculations. For a temporal integration, Yoon’s lower–upper
symmetric Gauss–Seidel scheme19 is adopted. The incompressible
code using the following pseudocompressibility relation has the
same spatial and temporal schemes as the compressible code:

@p

@s
= ¡ b r ¢ u (4)

where s denotes pseudotime and b is a pseudocompressibility pa-
rameter. Numerical experiments must be performed to determine a
value of b yielding the best convergence.

Becausea multielementairfoilgenerallyhas a complexgeometry,
it is very dif� cult to generate a high-quality grid system in a single
block. Thus, patched grids, overlappinggrids, or unstructuredgrids
are popularly adopted. In this study, the overlapping grid approach
known as the Chimera grid scheme20 is used for an ef� cient grid
generation.Subgridsaround� ap and slat are overlappedon the main
grid around the basic airfoil. Information is exchangedbetween the
subgrid and main grid domain throughbilinear interpolation,which
is found to be robust and easy to implement.

Wall boundaryconditionsare applied explicitlywith no-slip con-
dition. The pressure is extrapolated from the interior points and the
other variables are speci� ed from the freestream values at the in-
� ow, whereas the pressure is speci� ed and the other variables are
extrapolated from the interior points at the out� ow.

For the angles of attack near maximum lift, steady-state compu-
tations using a local time-stepping method do not converge com-
pletely. In these cases, unsteady computations must be performed
in a time-accurate manner. Thus, the dual time-stepping method is
adopted both in the incompressible and compressible codes.

Parallel-Processing Algorithm for the Chimera Grid
The search routines for fringe cells and donor cells are prepro-

cessed. A fringe cell is to receive the � ow information from four
donor cells in an overlappedgrid domain as shown in Fig. 1. A par-
allel process for the chimera grid (known as the PPCG algorithm,
hereafter) is implemented as follows.

Step 1. Divide the main grid and subgrids into subdomains, con-
sidering load balance.

Step 2. Search each subdomain for fringe cells and donor cells.
Step 3. MPI send and MPI receive the � ow informationof donor

cells from each processor to processor 0.
Step 4. Calculate theconservativevariablesof fringecells through

bilinear interpolation in processor 0.
Step 5. MPI send and MPI receive the � ow information of fringe

cells from processor 0 to each processor.
Step 6. Repeat the process from step 3 to step 5 until converged

solutions are obtained.
The PPCG algorithmis found to be simple and ef� cient to imple-

ment in the parallel computations for the � ows over multielement
airfoils.

Results and Discussion
Both the compressiblecode and incompressiblecode were paral-

lel processedby using theMPI programmingmethod.The samegrid
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Fig. 1 Parallel implementationon a Chimera overlaidgrid system; PE,
processor element.

Fig. 2 Parallel speedup for single airfoil case using the incompressible
and compressible codes.

points were distributed in all subdomains for load balance.Figure 2
shows the parallel speedup of the compressible and incompressible
codes, using 1–24 processors. The parallel speedup was de� ned by
the ratio of computing times accordingto the number of processors.
Both codes show a good parallel speedup on the Cray T3E parallel
machine.

RAE 2822 Transonic Airfoil
The � ow over the RAE 2822 transonic airfoil with a maxi-

mum thickness of 12.1% of chord and a sharp trailing edge was
computed to validate the compressible code at the Mach number of
0.73 and the Reynolds number of 6.5 £ 106. A 129 £ 65 hyperbolic
O-grid was used with the spacing at the wall of 1 £ 10 ¡ 5 based on
unit chord length. Also a 241 £ 81 O-grid with the wall spacing of
a 5 £ 10 ¡ 6 chord was used to test the sensitivity to grid resolution.
The outer boundary was extended to 25 chords.

Computed results from the standard k– e model, the k– x model,
and the k– x SST model were compared with the experimental data
presented by Cook et al.21 at the angle of attack of 2.79 deg. Com-
parisons among computed and measured lift, drag, and pitching
moment coef� cients are shown in Table 1.

All the three turbulencemodels had little sensitivity to grid reso-
lution in the sense that the computed results from the coarse and � ne
mesh were almost the same. Computed surfacepressurecoef� cients
using the � ne mesh are compared with experimental data in Fig. 3.
All models show a slight difference in shock wave position com-
paredwith the experimentaldata.The k– x model showsa difference
in shockwavepositioncomparedwith theother two turbulencemod-
els.Figure4 showsvelocitypro� lesfromtheuppersurfaceboundary
layer at the stations of x / c = 0.574, 0.650, 0.750, and 0.900, using
the � ne mesh. The k– x SST model yields a better agreement with
experimental velocity pro� les in the downstream region after the

Table 1 Comparison of computed and measured load coef� cientsa

Coef� cientb k– e k– x k– x SST Exp.

CL 0.7957 0.8486 0.7910 0.803
CD ( p) 0.01299 0.01446 0.01228 ——
CD (v ) 0.00733 0.00591 0.00519 ——
CD 0.02032 0.02037 0.01747 0.0168
CM ¡ 0.09406 ¡ 0.10518 ¡ 0.09245 ¡ 0.099

aRAE 2822, M =0.73, Re =6.5 £ 106 , a =2.79deg.
bCD ( p), pressure drag; CD (v), skin friction drag.

Fig. 3 Surface pressure coef� cients over the RAE 2822 airfoil at ® =
2:79 deg, M = 0:73, and Re = 6:5 £ £ 106.

Fig. 4 Velocity pro� les on the upper surface of the RAE 2822 airfoil at
® = 2:79 deg.

shock wave, whereas the k– x model produces a better performance
in the immediate vicinity of the shock wave. The convergencehis-
tories of the compressible code using three turbulence models are
shown in Fig. 5. The maximum iteration count was 10,000 and the
maximum residual was less than 10 ¡ 4 in » 2000 iterations. For the
coarsemeshof129 £ 65 size,thecomputingtime using24processors
takes » 40 s for 2000 iterations on the Cray T3E parallel machine.

NACA 4412 Airfoil with Separation
The � ow over the NACA 4412 airfoil was computed to validate

the incompressible code at a Reynolds number of 1.52 £ 106 . A
245 £ 65 hyperbolic O-grid was used with the wall spacing of a
1 £ 10 ¡ 5 chord and the outer boundary was extended to 25 chords.

Computed results from the standard k– e model, the k– x model,
and k– x SST model were comparedwith the experimentaldata pre-
sented by Coles and Wadcock22 at the angle of attack of 13.87 deg
for which a steady trailing-edgeseparationoccurs. Trip-strips were
employed in the experiment on the suction and pressure sides at
x / c = 0.025 and 0.103, respectively. The production term in the
transport equation for the turbulent kinetic energy was set to zero
upstream of these locations to represent transition effects. Com-
puted surface pressurecoef� cients with and without transition were
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Fig. 5 Convergence history for the compressible � ow over the RAE
2822 airfoil.

Fig. 6 Surface pressure coef� cients over a NACA 4412 airfoil at ® =
13:87 deg and Re = 1:52 £ £ 106 .

comparedwith experimentaldata in Fig. 6. Transitionhasa slightef-
fecton the surfacepressurecoef� cients from thek– x SST model but
has littleeffecton those from the standardk– e or thek– x model.The
transition effect can be seen more clearly by comparing the veloc-
ity pro� les from the upper surface boundary layer at the stations of
x / c =0.620, 0.731, 0.842, and 0.897 in Fig. 7. The k– x SST model
shows a fairly good agreement with experimental velocity pro� les
in the downstream adverse pressure gradient region, whereas the
standard k– e model and the k– x model yield quite a difference.

Convergence characteristics were sensitive to the value of b . It
was found that the incompressiblecode convergedwell for the b of
20–200 through numerical tests. The convergence histories of the
code for the three turbulence models are shown in Fig. 8. It can be

Fig. 7 Velocity pro� les on the upper surface of a NACA 4412 airfoil at
® = 13:87 deg.

seen that transitions slightlydelay convergencecharacteristics.The
maximum iteration count was 10,000, and the maximum residual
of the continuity equation was less than 10 ¡ 4 in » 3000 iterations.
For the 245 £ 65 mesh, computation time on the Cray T3E using
24 processors is » 72 s for 3000 iterations.

Figure 9 shows lift coef� cients at the wide range of angles of at-
tack from zero to maximum lift. The k– x SST model with transition
gives a closer agreement in the lift, especially in the prediction of
stall. For the high angles of attack over 13.87 deg, steady-statecom-
putations overestimate the � ow separation massively and do not
converge completely. In these cases, unsteady computations with
the dual time-stepping method were performed in a time-accurate
manner.For 16 deg, lift coef� cientsvs time are shown in Fig. 10. Al-
though the standard k– e model converges to a steady-state solution,
thek– x modeland thek– x SST model showa periodicunsteadiness.
For the k– x and k– x SST models with transition, the leading-edge
laminar bubble is periodically shedding downstream to the trailing
edge with differentmodes. Unsteady computationswere performed
with the nondimensionaltime step of 0.05 until the nondimensional
time reached 800. For each physical time step, 30–40 subiterations
were required until both the maximum divergence of velocity and
the maximum residual were less than 10 ¡ 4 .

Two-Element Airfoil
Compressibleand incompressiblecomputationsfor the � ow over

the NLR 7301with a 32%c � apwereperformedat a Machnumberof
0.185and a Reynoldsnumberof 2.51 £ 106. The � ap was positioned
with a de� ection angle of 20 deg, an overlap of 5.3%c, and a gap of
2.6%c in the experimentby Berg.23 A 249 £ 81 O-grid for the basic
airfoil and a 125 £ 41 O-grid for the � ap was used for the Chimera
grid scheme with the wall spacing of the order of a 10 ¡ 6 chord. The
outer boundary was extended to » 30 chords.

Figure 11 shows the parallel speedup of the incompressible and
compressible codes adopting the PPCG algorithm, using 5–20 pro-
cessors. Because the main grid had a grid size four times larger
than that of the subgrid, the processorswere distributedas evenly as
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Fig. 8 Convergence history for the incompressible � ow over a NACA
4412 airfoil.

Fig. 9 Lift coef� cient vs angle of attack for a NACA 4412 airfoil.

possible, proportional to the grid size for load balance. When � ve
processors were used, four processorswere given for the main grid
and one processor for the subgrid. When 20 processors were used,
16 processors were given for the main grid and four processors for
the subgrid. Both the incompressibleand compressible codes show
a good parallel speedup on the Cray T3E parallel machine.

Computed surface pressure coef� cients are compared with the
experimental data at an angle of attack of 6.0 deg in Fig. 12. The
local peakMach numbernear the leadingedge is » 0.54 at this angle
of attack. The incompressible and compressible results are similar,
even in the suction peak at the leading edge of the basic airfoil. All

Fig. 10 Lift coef� cient vs time for a NACA 4412 airfoil at ® = 16 deg.

Fig. 11 Parallel speedup for the two-element airfoil case using a
Chimera grid scheme.

Fig. 12 Surface pressure coef� cients over the NLR 7301 airfoil with
� ap at ® = 6:0 deg, M = 0:185, and Re = 2:51 £ £ 106.
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Fig. 13 Skin friction coef� cients on the upper surface of the NLR 7301
airfoil with � ap at ® = 6:0 deg.

Fig. 14 Convergence history for the � ow over the NLR 7301 airfoil
with � ap.

Fig. 15 Lift coef� cient vs time for the NLR 7301 airfoil with � ap at
® = 13:1 deg in unsteady computations.

computationsusing the standardk– e model, the k– x model, and the
k– x SST model give a fairly good agreementwith the experimental
data. Computed skin friction coef� cients are compared with the
experimental data in Fig. 13. It is found that the � ow is attached
downstream to the trailing edge.

The convergence histories of the incompressible and compress-
ible codes with three turbulence models are shown in Fig. 14. For
the incompressiblecomputations,the maximum iterationcount was
10,000 and the maximum residual was less than 10 ¡ 4 in » 3000
iterations. Computation time is » 160 s for 3000 iterations on the
Cray T3E using 20 processors.For the compressible computations,
converged solutions are obtained in » 3000 iterations. Computa-
tion time on the Cray T3E using 20 processors is » 240 s for 3000
iterations.

For the critical angle of attack of 13.1 deg where no � ow sep-
aration is observed downstream to the trailing edge except for a
very tiny laminar separation bubble near the leading edge in the
experiment, both the steady-state incompressibleand compressible
computations predicted massive � ow separation and did not con-
verge completely. For this reason, computations were performed
in a time-accurate, unsteady manner using the dual time-stepping
method. Figure 15 shows lift coef� cients vs time at this angle of at-
tack. Incompressiblecomputationswere performedwith the nondi-
mensional time step of 0.01 and converged in 4000 physical time
steps. The computation time using 20 processors was » 6100 s.
Compressible computations were performed with the nondimen-
sional time step of 0.1 and converged in 2000 physical time steps.
The computation time using 20 processors was » 6900 s. In both
cases, 5–40 subiterations were required for each time step during
the courseof thecalculations.In thecasesof time-accuratecomputa-
tions, it was found that the incompressiblecode had little advantage
in terms of computation time over the compressible code.

Computed surface pressure coef� cients are compared with the
experimental data at 13.1 deg in Fig. 16. A discrepancy between
the incompressibleand compressible results is shown in the suction
peak near the leading edge of the basic airfoil. For the freestream
Machnumberof 0.185,compressibilityeffectsnear the suctionpeak
become signi� cant because the local Mach number near the leading
edge can be as large as 0.72. Figure 17 shows the velocity pro� les
at x /c = 0.05, 0.94 on the basic airfoil and at xF /c = 0.119, 0.219
on the upper � ap surface. The incompressible and compressible
results are similar except at the 5% chord position. This is more
evident by comparing the velocity pro� les at the 5% chord position
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Fig. 16 Surface pressure coef� cients over the NLR 7301 airfoil with
� ap at ® = 13:1 deg by unsteady computations.

Fig. 17 Velocity pro� les on the upper surfaces of the NLR 7301 airfoil
with � ap at ® = 13:1 deg.

Fig. 18 Compressibility effects on velocity pro� les at a 5% chord for
the NLR 7301 airfoil with � ap.

at the angles of attack of 6 and 13.1 deg shown in Fig. 18. The
discrepancy between the incompressibleand compressiblevelocity
pro� les is considerable at 13.1 deg. Compressibility effects can be
signi� cant as angle of attack increases even at the same freestream
Mach number.

Three-Element Airfoil
Also as in the two-element airfoil case, both the parallelized

incompressible and compressible codes were successfully imple-
mented to computations for the � ow over the 17%c thick NASA
GAW-1 airfoil with a 15%c leading-edge slat and a 29%c trailing-
edge � ap. The slat was positionedwith a de� ection angle of 42 deg,
an overlap of 1.5%c, and a gap of 1.5%c, whereas the � ap was po-
sitioned with a de� ection angle of 30 deg, an overlap of 0.0%c, and
a gap of 2.5%c. The experiment was carried out at a Mach number
of 0.15 and a Reynolds number of 0.62 £ 106 by Braden et al.24

A 249 £ 81 O-grid for the basic airfoil, a 125 £ 41 O-grid for the
slat, and a 125 £ 41 O-grid for the � ap were used for the Chimera
grid scheme with the wall spacing of the order of a 10 ¡ 5 chord. The
outer boundary was extended to » 30 chords.

Figure 19 shows the parallel speedup of the incompressible and
compressiblecode using from 6 to 24 processors.Because the main
grid had a grid size four times larger than that of the subgrids, the
processors were distributed proportional to the grid size for load
balance. For example, four processorswere given for the main grid
and one processor each was given for the slat and � ap grids.
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Fig. 19 Parallel speedup for the three-element airfoil case using a
Chimera grid scheme.

Fig. 20 Surface pressure coef� cients over the GAW-1 high-lift airfoil
at ® = 12 deg, M = 0:15, and Re = 0:62 £ £ 106.

Computed surface pressure coef� cients are compared with the
experimental data at an angle of attack of 12.0 deg in Fig. 20.
For both incompressible and compressible computations, a dis-
crepancy between the computational and experimental results is
found on the suction surface of the slat and � ap that is due to
the ambiguity in � ap and slat position. The three turbulence mod-
els give slight differences in surface pressure coef� cients at this
angle of attack. The convergence history of the three-element
airfoil case is similar to that of the two-element airfoil case in
Fig. 14. For the incompressible computations, the maximum iter-
ation count was 10,000 and the maximum residual was less than
10 ¡ 4 in » 3000 iterations. Computation time using 24 processors
is » 180 s for 3000 iterations on the Cray T3E. For the compress-
ible computations, converged solutions are obtained in » 3000 iter-
ations. Computation time using 24 processors is » 290 s for 3000
iterations.

Conclusion
Both compressible and incompressible computations were per-

formed for the viscous turbulent� ows over high-liftairfoilsbyusing
two-equation turbulence models under a parallel computing envi-
ronment. The parallelized compressible and incompressible � ow
solvers on a Chimera grid showed fairly good parallel speedups.
The three turbulence models of the standard k– e model, the k– x
model, and the k– x SST model were evaluated by comparing the
surface pressurecoef� cients, skin friction coef� cients, and velocity
pro� les in the boundary layers with the experimental data. Overall,
the k– x SST model shows a better performance compared with the
other two-equationmodels in predicting the adversepressuregradi-
ent region on the suction surface of high-lift airfoils. In particular,
the � ow over the NLR 7301 airfoil with a � ap was carefully inves-
tigated by using both the incompressible and compressible codes
with two-equation turbulence models. It was found that the com-
pressibility effect is signi� cant when the leading edge is highly
loaded, even at the low freestream Mach number. Both the paral-
lelized incompressibleand compressible codes adopting the PPCG
algorithmcan be ef� cient computational tools for multielement air-
foil design.
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